Abstract-Our work has been focused on developing a methodology for process control of bulk deformation-specifically, extrusion. A process model is required for control. We state the difficulties which exist with currently available models. An appropriate decomposition and associated assumptions are introduced which permit a real-time process model to be constructed via spectral approximation to solve the axi-symmetric two-dimensional ( 
These objectives may include, for example, surface quality, microstructure uniformity, and production efficiency. Some specific examples are:
• stock shapes for secondary processing-production efficiency is very important since these items have a commodity pricing structure; • furniture components-surface quality is key;
• architectural components-surface quality and microstructural properties are both critical since strength and aesthetics are required. The goal of our work is to develop cost-effective strategies for control of this process. These strategies need to address a wide range of product geometries, processing conditions, qualities requirements, and productivity goals. A process model is required to achieve this goal.
The process model enters explicitly into an identifier or observer, operating in real-time plus it may be directly incorporated into a feedback controller. Therefore, this model must be designed to capture the response of very different systems (for example, round rod with area reduction of ten times or rectangular tubing with area reduction of 500 times) and require modest computational power.
II. BACKGROUND
Process control of bulk deformation has received relatively little attention from the control systems community. Much of the work found has been limited by the existing models. For example, Meyer and Wadley [3] developed a modelbased feedback control for material properties and inequality constraints for part yielding. This approach could only be applied to relatively slow processes due to model complexity; in this particular case, the hot isostatic process required 2 h to perform.
Previously reported work has focused on problems where simplifications are appropriate which are not broadly applica-ble. For example, there has been an ongoing effort in control of isothermal thermal forging. The researchers involved include J. Adams, S. S. Banda, J. Berg, R. Chang, A. Chaudhary, R. V. Grandhi, D. Irwin, A. Kumar, J. C. Malas, III, M. Mears, C. A. Schwartz, and V. Seetharaman. Most of this body of work [4] - [10] assumes that there is no temperature change in the workpiece during the process. The condition does not apply to metal extrusion and is not expected to be applicable to many other deformation processes such as drawing. Also, it is notable that even with the above the simplifications, the resulting models were not suitable for real-time control.
There has been some work which is based on removing the need for a model. The previously cited group proposed using artificial neural networks to emulation the complex finite element method (FEM)-based model and open-loop optimization [7] , [9] , [10] . This effort did not remove the constant temperature restriction or faced the prospect of computationally expensive network retraining. Another example is cyclic learning control for extrusion developed by Pandit and Buchheit [11] , [12] . This work employed a black-box model and required strong assumptions on process linearity, actuation behavior, and constancy of disturbances. Many typical deformation processes will violate one or more of these assumptions.
Based on our above assessment of the available work and its possible application to extrusion, an existing model was sought. These models could be classified into two broad areas: FEM-based models (detailed) or averaged-variable models (coarse, approximation-based). The FEM-based models provide the needed information, but cannot be implemented in real time [13] - [15] . The averaged-variable models are computationally tractable; however, they do not provide localized information needed for control [16] , [17] . Therefore, we chose to develop a model of the extrusion process specifically for real-time control.
III. THE MODEL FOR CONTROL DESIGN
The thermo-mechanical response of the billet during extrusion is governed by a set of nonlinear, coupled partial differential equations given by 1) heat transfer and 2) deformation approximation
These equations are coupled via the flow stress of the material which is part of the heat generation expression and the deformation power . Our purpose requires that these equations be solved; however, direct solution cannot be done in real time. The following assumptions are introduced.
1) The deformation field determined with constant flow stress will closely approximate the optimum field in the set of possible fields. 2) The set of possible fields can be restricted to include only fields which are linear in ram velocity. 3) Model errors introduced by using nonlocal flow stress are acceptable. Assumption 1) accomplishes the decoupling of (1) and (2) by not considering the temperature dependence of the material flow stress. Assumption 2) allows the model description to be independent of the control, the ram velocity. Assumptions 2) and 3) permit the most intense calculations to be done off-line.
The decomposition of the thermo-mechanical model is shown in Fig. 2 . Development of the heat transfer and deformation components are described below. The heat transfer model component establishes the extrusion model framework or basic model structure. The deformation model component, in conjunction with the structure of the heat transfer model, provides the unique attributes for a given extrusion. The material response can be included directly by using the temperature predicted by the heat transfer model and the strain rate predicted by the deformation model to determine an appropriate flow stress value. This flow stress value, in turn, influence the subsequent temperature distributions.
Our model is based on an axi-symmetric extrusion, round billet to round extrudate. This restriction has been chosen since even with the simplifications introduced thus far, there is little hope of a real-time solution for an arbitrary shape. We expect that the analytical model will capture a large portion of the response for an arbitrary extrusion shape and the black-box model will capture the remainder. This problem is naturally described in cylindrical coordinates. The -axis is the centerline through the center of the die port and the billet. The -axis extends radially from the -axis. The origin is at the die entrance. The current billet length (positive direction) is denoted by . The coordinate system, main geometric parameters, and the flow boundary function are illustrated in Fig. 3 .
The remainder of this section will be focused on solving (1) . This solution will rely on the linear dependence of the flow velocity field from the ram velocity; however, no specific form will be assumed. The next section will review the basis for (2) and the development of one possible family of flow velocities which satisfy this equation.
A. State Equation Development
There are two physical quantities from which the states and their evolution equations are developed: the billet size and the billet temperature distribution. The system input is the ram where is the thermal diffusivity, is the density of aluminum, is the specific heat capacity, is temperature is the heat generation term, and is represents the billet boundary.
The changing boundary and the loss of mass via the extrudate adds an interesting component to this problem. We have transformed this equation so that one can apply finite-difference or spectral approximation to obtain a solution according to the following rules:
The governing equation becomes (5) where the flow velocity is represented as
We have chosen spectral approximation for the solution; the partial differential equation is transformed into an infinitedimension system of ordinary differential equations. An appropriate set of basis functions (Bessel functions in and cosines in ) allows the desired boundary conditions to be imposed. The temperature is approximated by (6) The original equation, (5) , is transformed from a partial differential equation to a finite system of ordinary differential equations. Equation (5) is projected onto the basis set of the temperature approximation using the inner product operations defined previously. Integration by parts is used to exchange higher order derivatives of the temperature field for higher order derivatives of the basis vectors. The stabilizing influence of the conduction term permits the infinite dimensional system of ODE's to be truncated.
Integration by parts of the conduction term also requires that the temperature gradient boundary conditions be incorporated into the solution. Gradient boundary conditions which consist of temperature-dependent and constant terms can be incorporated.
After the above manipulation and rearrangement into a matrix form, the final state equations become (7) where
is the "projected temperature state", is coefficient matrix for the conduction term, is the coefficient matrix for the advective term (rate of change in temperature due to motion of a bulk with a temperature gradient), is the coefficient matrix for the heat generation term, is the boundary condition contribution, is the ram velocity, and is the ram position. This system of equations is in a very desirable form for the control purpose and has the following properties.
• Temperature evolution is nonlinear with respect to the ram position (measurable).
• Temperature evolution is bilinear with respect to the temperature state, , and the control, .
• There are free coefficients in and which may be determined by through identification.
• The elements of and are determined solely by problem geometry and the inner product operation for the spectral approximation.
• The elements of and are determined by the deformation component , and and the spectral approximation.
• The stabilizing, conduction term dominates as higher order basis functions are included in the approximation, permitting the infinite-dimension system of equations to be truncated to a very low order.
B. Boundary Condition Definition
The model given in Section III-A is for the generalized boundary condition, . In this section, the model is made more specific by chosing the gradients to be independent of temperature. Three gradient functions are specified at 1) the container wall; 2) the die face; and 3) the dummy block
The heat transfer boundary term is derived from three functions, , , and , which characterize the boundary. The following decomposition is introduced so that specific parameters are available for identification and the parameters enter into the equation linearly Using the above decomposition, the boundary condition term in the temperature state equation can be expressed as (8) where
The variable represents the configuration adjustable component of the boundary conditions. For example, the simulation results shown subsequently assume perfect insulating conditions at the extrudate and constant leaky conditions at the die. The coefficients represent the magnitude of these functions.
C. Heat Generation Term Definition
A similar decomposition can be performed on the heat generation term . This term is constructed from deformation, friction, and shearing sources; the following equation illustrates this calculation:
The heat generation functions have the following dependencies:
where , and represent the scaling of the assumed flow stress. Therefore, the heat generation term can be represented as (10) The specific heat generation functions, , , and , will be developed in Section IV.
D. Output Equations
There are many possible output relations which one can derive from this model. For our purposes, we will present three particular equations, the extrudate temperature, the extrusion load, and the maximum strain rate within the billet.
1) Extrudate Temperature:
The output equation for the extrudate temperature depends greatly on the method of measurement or on the use of the variable. Generically, this variable can be calculated as follows:
If one wishes to consider the process performance or a research setup which uses an instrumented die with a thermal couple, then the coefficients, , are time-invariant and can be written as . The typical measurement capability in the production environment requires a more complicated description.
The production environment may use either a pyrometer or an infrared camera for determining the extrudate temperature, if this temperature is measured at all. Either of these devices will measure temperature on the extrudate where the extrudate exits the die bolster (a substantial support structure which holds the die in place). This point is approximately 3 to 4 ft from the die exit. A very thorough description would require that one consider the continued conduction throughout the extrudate, losses to the environment, and the movement of the extrudate from the die exit to the point of measurement. A reasonable approximation is to consider the following.
1) There is no heat loss to the environment.
2) There is no heat conduction axially.
3) The heat completely equalizes radially due to the high conductivity of aluminum. Thus, the coefficients must contain a time delay, dependent on , and the projection of the billet modes at the die face onto the zeroth radial mode of the extrudate 2) Extrusion Load: The same phenomena which generates heat also requires the press exert a force on the billet to cause the billet to be extruded. Generically, the relationship can be represented as follows: (11) The specific load functions, , , and , will be developed in Section IV. A bias term has also been included to account for various losses such as friction in the press and errors in load measurement.
3) Maximum Strain Rate: Our investigation into the phenomenological effects of the extrusion process on the quality of the extrudate show that the strain rate and, in particular, the local strain is one indicator of quality (see Shepard [18] ). This investigation did not, however, indicate precisely how this local strain rate should be defined so that one has a parameter which is a good indicator of product quality. We, therefore, suggest that the maximum strain rate within the billet be used as an approximation to this indicator.
By construction of the flow field description (Section IV), this parameter is linear in (12) where represents the functional description of the strain rate.
E. Model Summary
The model is summarized in (13)
where "projected temperature state;" ram position; ram velocity; conduction; boundary heat loss; advection (rate of change in temperature due to motion of a bulk with a temperature gradient); heat generation; extrudate temperature; output matrix for ; extrusion load; maximum strain rate; map, linear in ram velocity and nonlinear in ram position and billet location, to strain rate.
IV. FLOW FIELD DEVELOPMENT
We have fully developed the deformation model component in earlier work [1] , [2] . A brief summary of these results is provided for completeness.
We chose upper bound analysis (UBA) as the basis of the deformation model component. UBA is the search for the kinematically admissible flow field which requires the minimum power s.t.
According to the UBA theorem [19] , this flow field is the actual flow field. Conventional applications of UBA were specifically for determining required process power. Typically, simple flow fields have been used which predict the power; however, they bare little resemblance to the physical flow fields observed experimentally. This is not suitable for our purpose.
Han et al. [20] developed a flow field approximation for use in UBA for a contoured die, very light reduction extrusion problem. This particular flow field did appear to be a closer approximation to the physical situation than the typical UBA flow field. The flow field includes a bulk component (fixed) and a variational component. The parameters of the variational component of the flow field are chosen to minimize the process power via a numerical optimization algorithm.
We have made the following improvements in the original work for application to typical industrial extrusion control problems.
• Determined required conditions on the flow boundary for application to flat-faced dies, , shown in Fig. 3 .
• Generalized the structure of the variational component of the flow field.
• Determined required conditions on the flow field description so that it is linear in ram velocity (the control variable).
• Implemented a hybrid optimization algorithm for determining the free parameters in the flow field description. The algorithm includes line searches, modified line searches, and steepest descent methods. Increases in speed and robustness against local minima are observed. With the conditions specified, the optimization can be performed off-line, independent of the control.
The conventional UBA applied to flat-face dies required that the material ultimately going into the die (region 5a in Fig. 1 ) be artificially divided into an undeformed region (far from the die) and a deformation zone. This division is difficult to specify and generates local discontinuities. These difficulties are avoided with our approach. We demonstrated good qualitative prediction of experimental measurements of a flow field with our deformation model.
The kinematically admissible velocity field description is constructed by forming the axial component, , first and then directly calculating the radial velocity component . The first term (bulk component) in the axial velocity function guarantees that the same amount material flows through all axial cross sections. The remaining terms with constraints are constructed to locally modify the flow via polynomial basic functions without affecting the bulk material flow. This result is given below (14) subject to the following constraints:
where The strain rate tensor components are defined as and the strain rate magnitude, , is defined as The power optimization is described by (15) where is the minimum power resulting from a flow field described in the previous section with the most favorable set of free parameters and boundary description, (15) There are three contributing factors to the power used during extrusion: power directly required to deform the material, , power require to overcome friction at the container wall, , and power required to shear the material in the dead zone-deformation zone interface, . All of these terms depend on the velocity of the flow field and, therefore, on the free parameters introduced above. The power components are (16) where is the height of the dead zone, , , and are the same scaling factors as in (10), and is the material flow stress.
By the development of the velocity field, the ram velocity , enters into the velocity field and strain rate parameters linearly From (17), the load terms are defined as
The velocity field, via the definitions for the extrusion load, is used to construct the heat generation terms which result from deformation, internal shear, and friction. The following terms are used in (9):
The heat generation kernel due to deformation is the integrand from the extrusion load analog. The heat generation kernels due to friction and shear are slightly more complicated since they are not defined throughout the volume. The introduction of the Dirac delta function and application of appropriate scaling permit these function to be used in the spectral approximation.
V. IDENTIFICATION
The model description in (13) is physically motivated; therefore, parameters for identification should be quantities which are not specifically defined by the modeling effort. The conduction and advective terms in the temperature state equation (13a) are completely defined by the modeling process; the conduction term is solely a function of the billet geometry and the advective term is defined by the flow field. The heat boundary condition describes the gradient at the boundary and is not specified. The heat generation term depends on 1) the flow field (fixed by construction of the deformation model component) and 2) the material flow stress and coefficients of friction and shear. The coefficients of friction and shear are not specified and, therefore, suitable for identification. The flow stress is also suitable for identification since it appears as a constant. This constant represents an aggregate of the constitutive relationship operating on the flow field and the temperature distribution.
The ram position state transition equation (13b) does not have parameters for identification. Similarly, the temperature output equation (13c) does not have parameters requiring identification since this equation depends only on the projected temperature state and the workpiece geometry.
The extrusion load equation does have the same parameters for identification that the heat generation term has. The load equation can be defined in terms of the heat generation term (17) The parameters for identification are expressed for convenience as
A. Estimated Extrudate Temperature
Identification will use measured temperature, , and its estimate, . This measurement is discrete with samples. Therefore, and
The estimate for measured temperature is calculated by using the forth-order Runge-Kutta integration algorithm to transform the continuous state equation (13a) into a discrete representation (18) where is the output matrix, and are the number of basis functions in and , respectively, and (18) is linear in the parameters to be identified, . This linearity will be maintained as long as:
• flow stress is not treated as an explicit function of temperature (an assumption in the model development); • boundary temperature gradients are not temperature dependent. The linearity of this relationship greatly improves the solvability of the problem over a typical nonlinear description.
Equation (18) is linear in the initial state, , also. This property will prove very useful in solving the open-loop control problem discussed in Section VI-C.
B. Estimated Extrusion Load
The estimated extrusion load is given by (19) VI. RESULTS
In this section, we first present simulation results for the model, including predicted internal billet temperature distribution. Next, our initial parameter identification technique for this model is shown. Finally, using the equations developed for the identification, we solve an open-loop control problem. Experimental data from an experimental extrusion press and from a production press is used for comparison and identification.
A. Model
The temperature predictions shown in Fig. 4 and in Fig. 5 are based on experimental extrusion of AA6060 by Lefstad [21] . The billet is 16.5-cm length and 10.0-cm diameter. The extrudate is 1.04-cm diameter and the ram velocity throughout the push is 2.0 cm/s. Experimentally measured extrudate temperature is shown in Fig. 4 . The model-generated results were produced in the following manner.
1) Constructed a flow field for the extrusion geometry and tabulated by current billet length (off-line). 2) Calculate and which depend on the flow field (off-line).
3) Calculate and , (off-line). 4) Solve the temperature evolution equation (on-line). These results reasonably approximate the experimental measurements for most of the extrusion. Also, the model predicts that the core will be cooler than the extrudate surface, consistent with available information.
The isothermal plots for different times during the push show that the majority of the temperature increase is generated by the intense shearing between the deformation zone and dead zone, regions 5a and 5b in Fig. 1, respectively . Note, the heavy boundary represents the current billet shape and the extrudate size (toward the bottom).
The off-line calculations for the simulation shown required 2 h with a 586, 100 MHz running Windows NT 3.51. The results shown required 1.5 min to run the 7.0-s extrusion. These results are for a 64-state model (8 8 basis functions) . Many of the features predicted by this model precision are present in a 16-state model (4 4 basis functions). The reduced-state model for this example executes in 3.0 s on the same platform. Although some care was exercised in code development to optimize for speed, much more can be done for a real-time implementation. Based on number of operations and raw processor performance, improvements up to a factor of ten might be realizable on this platform. In addition, lowcost hardware alternatives exist which might realize similar improvements. Therefore, the high-resolution model can be implemented in real-time.
B. Parameter Identification
The identification problem will use both measured temperature and extrusion load. The problem will be cast as a constrained quadratic optimization problem. Earlier efforts used a least squares approach which did generate parameters; however, these parameters were not physically realizable. The identification problem requires that the following minimization be solved [22] : (20) where is the set of permissible parameter values and the cost function is defined as (21) where represents the weighting on the measured temperature error and is the weighting on the extrusion load error.
The weighting parameters have two purposes. First, they can be used to reflective relative confidence in the measurement accuracy. Second, the force and temperature measurement have dissimilar units and different magnitudes. These differences imply a weighting factor, perhaps an inappropriate weighting. Explicit inclusion of a weighting factor and an expectation of the magnitudes of the different data items permits adjustment of the weighting parameters for a balanced cost function.
The nonlinear programming algorithm, constr() in MAT-LAB was used with the constraints shown in Table I to minimize the cost function. The weightings in the cost function were set with temperature measured in degrees Celius and force in kiloNewtons:
and . The resulting parameter values are provided in Table II . The plant data used for the identification and the result model predictions are shown in Fig. 6 . The comparison of actual data and model prediction with errors generally below 10%. A trend is noted in the temperature prediction being positively biased and the load being negatively biased.
The identified parameters were used in the model with a new plant trial data set to gage the success of the identification procedure. The extrusion which generated this new data set used a different initial billet temperature profile and a different ram speed trajectory. Fig. 7 shows the experimental data and the model predictions. The prediction of trends and general agreement are good. Although still within 10%, the error in temperature prediction has increased compared with the error present in the identification run. The error in load prediction has decreased. Figs. 8 and 9 illustrate the differences in ram speed trajectory and initial billet temperature profile between the extrusion used for identification and the extrusion used as reference to check the identification.
Both the identification run and the verification run show temperature predictions above the measured temperature. We believe that there are two sources of this discrepancy. First, improvements in the deformation model for short billets are require. In general, the force predictions for short billets are too high which will result in elevated temperature prediction. Second, constant flow stress is not accurate and is expected to have a substantial impact on the temperature prediction. The validation run started with a billet which was 40 to 70 C hotter than the billet used for identification. Also, the extrudate temperature was 20 C hotter. Therefore, the flow stress of this billet will substantially lower than the identification billet, thus producing less heat during extrusion. To see the effects, the verification run was rerun with a 15% reduction in the flow stress parameter. The results are shown in Fig. 10 . We see that this validation run has significantly less error than the original validation run.
One source of difficulty for using this data set for identification is the lack of variation in the input signal (the ram speed, shown in Fig. 8 ). It is highly likely that this signal does not satisfy the persistency of excitation condition, resulting in only partial identification, rather than unique determination, of the parameters.
C. Open-Loop Control
The range of extruded products and their applications are large. As such, the applicable measures of quality and their required levels vary from product to product. These requirements can be mapped to specific values of the physical process variables [9] , [18] , [5] . We have chosen constant maximum strain rate and constant extrudate temperature to represent good quality for this example.
The maximum strain rate, given by (13e), is linear in the ram speed, ; however, it is nonlinear in the billet length. Also, it is not dependent on the projected temperature state variables. The temperature evolution equation (13a) depends on both the initial projected temperature state and the ram speed trajectory . Therefore, the suggested design procedure is to determine the desired ram speed trajectory which results in the appropriate maximum strain rate. With the ram speed determined, one can then find an initial billet temperature profile which achieve a constant extrudate temperature for the ram speed trajectory.
The required ram speed trajectory can be calculated easily since the strain rate output equation (13e) is a static map. Therefore, the desired ram speed trajectory is given by (22) The choice of desired maximum strain rate must still be made. For this particular example, we adjusted the value so that our optimized extrusion finished approximately 10% faster than the extrusion shown in the previous section for identification validation. The ram speed profiles and the associated maximum strain rate predictions for the referenced plant trial and the open-loop control design are shown in Fig. 11 . To determine the desired initial billet temperature profile, we start by recalling the equation for the estimated extrudate temperature (18) (23) Note, we have expressed the implicit dependence of the and on the ram speed trajectory. Since ram speed is known, all parts of (23) are known except for . An approach analogous to the parameter identification problem for determining is motivated since enters into (23) linearly. Finding the best initial billet temperature profile requires that the following minimization be solved: (24) where is the set of permissible initial projected temperature states and the cost function is defined as (25)
Exactly as was done for the identification problem, the nonlinear programming algorithm, constr() in MATLAB was used with the constraints shown in Table III to minimize the cost  function, . The constraints on the initial billet temperature were driven by the actuation capabilities. We assumed that the best one could hope is that a "reasonably smooth" profile could be imposed axially and that there is no radial variability. The first six states represent the constant radial variable axial basis functions. Since the greater index represents a mode with higher spatial frequency, these modes were subject to tighter restrictions to impose the "reasonably smooth" criteria.
The control problem was solved with desired extrudate temperature being arbitrarily specified at 520 C. The required initial projected temperature modes are given in Table III . Fig. 12 shows the predicted extrudate temperature from this initial billet temperature profile and the previously developed ram speed trajectory. Finally, the required initial axial billet temperature is shown in Fig. 13 .
VII. CONCLUSION
We have presented a model which is derived directly from the mathematical description of the physical phenomena present. This model has demonstrated real-time performance. The construction of the model required only a minimum of assumptions.
The resulting temperature state equation is bilinear in the temperature state and the control, ram velocity plus nonlinear in the billet length state (measurable).
This paper successfully demonstrates the use of a physically motivated model for identification and open-loop control of the extrusion process. For this example, we picked one particular objective function for the open-loop design. The model form can support many different objective functions or constraint conditions; therefore, the model can be useful for a wide variety of products.
Further refinements are required; particularly noteworthy is the change in the flow stress model. Other future developments may include investigation of excitation persistency for identification plus observer and feedback controller development.
